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SQUARE FUNCTION CHARACTERIZATION OF WEAK HARDY 

SPACES 

DANQING HE 



~^» ■ Abstract. We obtain a new square function characterization of the weak Hardy 

space H p '°° for all p € (0, oo). This space consists of all tempered distributions 



whose smooth maximal function lies in weak LP . Our proof is based on interpolation 
between H p spaces. The main difficulty we overcome is the lack of a good dense 
subspace of H p, °° which forces us to work with general H p '°° distributions. 



1. Introduction 



< 

u 

In this work we extend Peetre's [16] characterization of Hardy spaces in terms of 
the Littlewood-Paley square function to the setting of weak Hardy spaces, H p,oc . 

Hardy spaces first appeared in the work of Hardy [13] in 1914. Their study was 
based on complex methods and their theory was one-dimensional. Burkholder, Gundy 
and Silverstein [5] proved that a complex function F = u + iv on the upper half space 
lies in H p if and only if the nontangential maximal function of u lies in L P (R). This 
result inspired the extension of the theory of Hardy spaces to higher dimensions, 
£f) [ in particular the celebrated work of Fefferman and Stein [8] on this topic. A deep 

structural characterization of these spaces was given by Coifman [I] and Latter [TJ] , 
in terms of their atomic decomposition. The books of Lu [15], Uchiyama [19], and 
Triebel [18] provide comprehensive expositions on the theory of Hardy spaces. 

The Hardy-Lorentz spaces H p ' q , < p < oo, < q < oo are defined as the spaces 
of all distributions whose smooth maximal function lies in the Lorentz space L p,q . 
Fefferman, Riviere and Sagher [5] showed that the H p,q spaces are intermediate spaces 
of Hardy spaces in the i^-interpolation method. This result was used by Fefferman 
and Soria [7], Alvarez [2], and Abu-Shammala and Torchinsky [I], to obtain the 
atomic decomposition of the spaces H 1,ao , H p,oc , and H p,q spaces respectively. The 
interpolation result in [6] was only proved for Schwartz functions, but we show in 
this work that Schwartz functions are not dense in H p ' q when q = oo. 

In this article we focus on the case q = oo which presents difficulties due to the lack 
of a good dense subspace of it. We prove an interpolation theorem for weak Hardy 
spaces as intermediate spaces of Hardy spaces and we work with general tempered 
distributions and the grand maximal function to accomplish this; for this reason our 
proof looks unavoidably complicated. As an application we obtain a new Littlewood- 
Paley square function characterization of weak Hardy spaces. This shows that H p, °° 
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is a natural extension of L p,OQ when p < 1, just like if p is a natural extension of L p 
for p < 1, in view of the Littlewood-Paley theorem on weak LP . 

We now state our main result. We denote by Aj(/) = \P 2 -j*/ the Littlewood-Paley 
operator of a distribution /, where ^t(x) = t~ n ^/(x/t). 

Theorem 1. Let ^ be a radial Schwartz function on R n whose Fourier transform 
is nonnegative, supported in 1 — | < |£| < 2, and satisfies X^ez ^ r (2 -,J '0 = 1 w/ien 
£ 7^ 0. Let Aj 6e £/ie Littlewood-Paley operators associated with \I/ and letO < p < oo. 
Then there exists a constant C = C n>P) ^ such that for all f G if p '°°(R n ) we have 



£|A;(/)| : 



< c 






Conversely, suppose that a tempered distribution f satisfies 



(2) (Ei A ^)iy , <o °- 

jez 
T/ien there exists a unique polynomial Q such that f — Q lies in H p,OQ and satisfies 

< 3 > sll/-«ll^|(£i A ,(/>iflL' 

jez 
The proof of this theorem is based on Theorem [7] discussed in Section HI 

2. Background 

We introduce the weak Hardy space H p '°° via the Poisson maximal function, fol- 
lowing the classical definition of the Hardy space. So, we begin our study by listing a 
result containing the equivalence of quasinorms of several kinds of maximal functions, 
which also appear in the theory of Hardy spaces. 

We denote by £ 2 the space £ 2 (Z) of all square-integrable sequences and by £ 2 (L) 
the finite-dimensional space of all sequences of length L G Z + with the £ 2 norm. 
We say that a sequence of distributions {fj}j lies in S'(H n ,£ 2 ) if there are constants 
C, M > such that for every ip G iS(R n ) we have 



3 \ a \,\/3\<M y ^ 

A sequence of distributions / = {fj}j in S'(R, n ,£ 2 ) is called bounded if 

vW^U = (£!</?*//) V2 e L°°(R") 



j 



for every ip in iS(R n ). 

Let a,b > and let $ be a Schwartz function on R n . 
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Definition 1. For a sequence f = {fj}j^z of tempered distributions on R n we define 
the smooth maximal function of f with respect to $ as 

M(/;$)(x) = sup||{($ t */ i )(x)} i || /a . 

«>o 

— * 

We define the nontangential maximal function with aperture a of f with respect to <£> 
as 

M;(/; $)(*)= sup sup ||{(^t*/i)(y)}i|U- 
«>o yen n 

\y—x\<at 

We also define the auxiliary maximal function 

M b (f ; $)(x) = sup sup + -iu\\b • 

— * 

For a fixed positive integer N we define the grand maximal function of f as 

(4) M N (f)= sup Ml(f;cp), 

where 

(5) JF N = [ip e S(R n ) : <M^)<l}, 
and 

9MvO = / (1 + 1*1)" ]C l a X x )l dx - 

jRn \a\<N+l 

If the function $ is not assumed to be Schwartz but say $ is the Poisson kernel, 
then the maximal functions M(/;$), M* (/;$), and MJ*(/;f) are well defined 
for sequences of bounded tempered distributions / = {fj}j- 

We note that the following simple inequalities 

(6) M(f ; $) < M;(/ ; $) < (1 + a) 6 M**(/ ; $) 

are valid. We now define the vector- valued Hardy space if p '°°(R n ,£ 2 ). 

Definition 2. Let / = {fj}j be a sequence of bounded tempered distributions on 

R™ and let < p < oo. VFe say i/iat / lies in the vector-valued weak Hardy space 
H p,OQ (R, n ,£ 2 ) vector-valued Hardy space if the Poisson maximal function 

M{f,P){x)=sixp\\{(P t *f j )(x)} j \\ fl 

lies in L p,oc, (R n ). If this is the case, we set 

II/Hh«>.~(rv 2 ) = ll M (/; p )IL P ,oo (Rn) = sup ( J2 \ p e * /: 



2\ 2 

i' 

£>0 



LP.°°(R n ) 



The next theorem provides a characterization of H p, °° in terms of different maximal 
functions. Its proof is a copy of that for H p cases in [11] 
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Theorem 2. Let < p < oo. Then the following statements are valid: 

(a) There exists a Schwartz function $ with integral 1 and a constant C\ such that 

(<) H-^U '■> *J||lp.°°(RV 2 ) — ^ 1 II-' H.ffP>°°(RV 2 ) 

for every sequence f = {fj}j of tempered distributions. 

(b) For every a > and $ in S(R n ) there exists a constant C*2(n,p, a, $) sttc/i £/ia£ 

(8) || M *a(/; $ )L„ 00(R n /2) < C 2 (n,p,o,$)||M(/;$)|| LP>00(RB)/a) 

for every sequence f = {f)}j of tempered distributions. 

(c) For every a > 0, b > n/p, and $ in S(TL n ) there exists a constant C^{n,p, a, b, $) 
such that 

(9) ||Mr(/;$)||^ (RV2) <C'3(r i) p,a,^$)||M;(/;$)||^ (RV2) 

for every sequence f = {fj}j of tempered distributions. 

(d) For every b > and $ in S(R n ) with J Rn $(x) <ix ^ £/iere exists a constant 
C 4 (6, $) sttc/i t/iai if N = [b] + 1 we /iave 

(10) || AW)!!^^ < C4(6,$)||MT(/;*)|| iPiao(Rn/ , ) 

/or every sequence f = {fj}j of tempered distributions. 

(e) For every positive integer N there exists a constant C^,(n,N) such that every 

sequence f = {fj}j of tempered distributions that satisfies || M.nU )|| LP , o ( - R n p\ < °° 
is bounded and satisfies 

(11) l|/||flJ..»(R»^) - C< 5(^,iV)||Mjv(/)|| LPi0O(Rn/2) , 

that is, it lies in the Hardy space H p,oc (R n ,£ 2 ). 

We conclude that for / e H p, °° (R n , £ 2 ) , the inequality in ( JTTj) can be reversed 
whenever N = \^} + 1. Moreover, fix N = [*] + 1, 2 < ft < [21 + l _ n and $ a 

LpJ ' LpJ ' ' p LpJ p 5 

Schwartz function with J Rn $(x) dx = 1. Then for bounded distributions / = {/,-} 
the following equivalence of quasi-norms holds 

\\M N (f)\\ LP:00 « ||m**(/;<i>)L « ||k(/;*)|Ilp.- « IM/;*)L.« 

with constants that depend only on &,a,n,p, and all the preceding quasi-norms are 
also equivalent with ||/ ||#p,°°(rv 2 )- 

3. Properties of H p '°° 

The spaces H p '°° have several properties analogous to those of the classical Hardy 
spaces H p . 

Theorem 3. Let 1 < p < oo. Then we have L p '°° = H p '°° and \\f\\ LP ,°o w ||/||hp.oo. 
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Proof. Given / G L p '°°, then / is locally integrable, and we can define <p t * f for a 
Schwartz function tp with J tp ^ 0. By Proposition H] which we will prove in section 
H]we have 

ll/Htf*.- = ||sup|(^*/)(x)||U^ <C||M(/)(x)|U^ <C\\f\\ L ^, 

where M(f) is the Hardy-Littlewood maximal function. This shows that / lies in 
H p '°°. 

Suppose now that / G H p,co . By the weak*-compactness of L p,co = (L p ,x )*, there 
exists a sequence t,- — > and a function f G L p '°° such that ((/? tj * f,g) — >■ (fo,g) 
for all g E LP ,x . This implies that <£>£. * / — > /o in 5'. By i^j * i/) -> ^ in 5 we have 
<Pt * f ^ f i* 1 <S', so / is in L p, °°. In view of the Lebesgue differentiation theorem we 
obtain that 

11/11 L"' 00 < II SU P Iv 9 * * /I||lp.°° = ||/||h-p.°°- 
<>o 

The preceding inequalities show that the spaces L p, °° and H p, °° coincide with equiv- 
alence of norms. □ 

Next, we define a norm on Schwartz functions relevant in the theory of Hardy 
spaces: 

m N (^ Xo ,R) = J n (i + \?—p\y Y, R H \dMx)\dx. 



|a|<AT+l 



Note that Vl N (ip; 0, 1) = Vl N (ip). 



Theorem 4. (a) For any < p < 1, every / = {fj}j in LL p,OQ (R n , £ 2 ) , and any 

ip G iS(R n ) we have 



(12) (El0i'*>>f) <K N {y)irtM N {f){z), 

i 

where N = [-] + 1, and consequently there is a constant C n ^ p such that 



(b) Let < p < 1, N = [n/p] + 1, andp < r < oo. Then there is a constant C(p, n, r) 
such that for any f G H p '°° and (p G 5(R n ) we have 

(1 4 ) ll(EK^*^>0 1/2 ll^- cr(p ' n ' r)9fl ^ ) ll / l^-- 

3 

(c) For any xq G R n , for all R > 0, and any tp G <S(R n ) we have 
(I 5 ) (y2\(f,^)\ 2 ) 1/2 <^n(^x ,R) inf M N (f)(z). 

\ '—* J \z—xo\<R 
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Proof, (a) We use that (fj,f) = (f * /j)(0), where ip(x) = f(—x) and we observe 
that 9Tjv(<y3) = <Jtyv (<£>). Then (fT2l) follows from the inequality 

j 

for all |z — 0| < 1, which is valid, since tp/^N^ip) lies in J 7 ^. We deduce (!T3|) as 
follows: set Ao = inf| z |<i MnU )(z), then 

*-^ 9\ P/ 2 

Efev ^ S^(^ inf Mv(/)(^ 

/ |z|<l 

< ^(^l|{ yG R n : A<jv(/)(2/)>Ao/2}|AS 

< vtsfrY c*Jf\\ p HPiOB . 



(b) For any fixed x G R n and t > we have 
(16) (EK^*^)^)! 2 ) 172 ^^^)]^^/; 



P 



9W(¥>) 



(y) < 9W)-Mv(/%) 



for all y satisfying \y — x\ < 1. Restricting to t = 1 results in 



V 



by an argument similar to the preceding one using Ao- This implies that 

1/2 



(Z}i^*£ 



< c^dtatC^)!!/ 



#?,< 



Choosing y = x and £ = 1 in (TT6|) and then taking L p,0 ° quasinorms yields 

1/2 



(!>•//)■ 



< Cp,n^tAr(v)||/||HP.°°- 



LP' 



By interpolation we deduce 



(^2\ ( p*fj\ 



1/2 



— * 

< Cp,n,r^V (V 9 ) 11/ II #P>°°- 



L r 



when r < p < oo. 

(c) To prove f lT5|) . given a Schwartz function ip and i? > 0, define another function 
ip by y?(y) = ip(—Ry + x ) so that ip(x) = v 2 ( £s ^ £ ) = R U( Pr(xo — x). In view of ([TBI 
we have 
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But a simple change of variables shows that R n %l((p) = 91(^5 Xq, R) and this combined 
with the preceding inequality yields (IT5|) . D 

Corollary 1. Convergence in H p '°° implies convergence in S' . 

This is a direct corollary of (a) of Theorem HI 

Proposition 1. If fj — > / in S' , and WfjWw < C, then ||/||hp < C. If fj -¥ f in 

S' , and ||/j||hp.oo < C, then ||/||^ P ,oo < C . 

Proof. Note that fj — > f in S' implies that ipt * fj ~^ l ft*f pointwise for any Schwartz 
function ip with integral 1. Then for any t > we have 

\<p t * f\ = liminf \<p t * fA < liminf sup \<p s * fA . 

j->oo j^oo s>0 

Taking the supremum over t > on the left and applying Fatou's lemma we prove 
this theorem. □ 



Proposition 2. The following triangle inequality holds for all f,g in H p '' 

ip \ 

I HP'°° J ' 



\\f + g\\ p H*-<n\\f\\ p H»- + \\9\ ]P 



Moreover, for < r < p we have 



i i i 



||{/i}||fl*.~(R n ,r)« sup \E\" + p[ / sn V \\{(i Pt *f j )(x)} j \\' g2 dx 

0<|E|<oo \ J E *>0 

Proof. The first claim follows from the sequence of inequalities: 
||/ + fl , ||jHP.» =supA p |{x : supl^t* (f + 9)(x)\ > X}\ 

A>0 4>0 

< sup \ p \{x : sup \if t * f(x)\ > |}| + sup A p |{x : sup |</? t * 9( x )\ > f }| 

A>0 *>0 A>0 <>0 

= ^ (.11/ ll#p.°° a~ \\g\\HP,<x). 
The second claim comes from the corresponding result of L p,co □ 

Proposition 3. /P'°°(R n ,£ 2 (L)) are complete quasi-normed spaces. 

Proof. Consider first the case L = 1. Let {fj} be a Cauchy sequence in H p, °°] 
then {fj} is also Cauchy in S' with limit /. We use the || • \\hp,oo norm, for which 
we know from Proposition [2] that || ■ ||# P ,oo is sublinear if r < p and r < 1. We 
choose a subsequence {fjA} of {fj}j with ||/j j+1 — fji\\ r HP,°° < 2~*, which gives us that 
II/jjUhp' 00 — C an d therefore ||/||jj p ,oo < C, similarly \\fj z — f\\ < e for any large i, 
hence fj — > f in i/ p '°°. 

Now if {{/i j) }fe = i}^i is Cauchy in /P>°°(RV 2 (£)), then for each k we have a 
limit f k in /P'°°, and {/ fe }Li G ff p '°°(R n ^ 2 (i)) since L is finite. If we choose j 
large enough, we would see that 

L i L 

thus {{/i J) }Li}jli converge to {/ fc }£ =1 in // P '°°(RV 2 (£)) as j ->■ oo. D 
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Next we show that Schwartz functions are not dense in H p '°° for p > 1. To realize 
this, we investigate the decay of functions in LP and L p,OQ first. 

Lemma 1. For g G L p (R n ), we have 

(17) lim KN*m = !«(*)! >N-t}| = 

and 

(18) lim \{\*\<S--\9(z)\>\z\-5}\ = Q 

For g G L p,00 ; we /iawe 

(19) lim KM<M:|g(*)l>M-'-}l 

for all P2 > p and 

(20) hm \{\x\<S:\9(x)\>\x\-^}\ =Q 

/or all < pi < p. 

Proof. We set £" = {x : |o(x)| > |x] — » }. Suppose that (ITT)) failed. Then there exists 
an e > and a sequence {Mk\ such that |i£ D {x : 1 < |x| < Mk}\ > eMJ! for all M^; 
moreover, we can take M k such that eM k > 2v n M£_ 1 . Observe 



therefore 



\E n {x : M fc _! < |x| < A4}| > eM™ - ^M™., > |jW£, 



« OO « 

/ |o(x)| p rfx= V / |o(x)| p tfe 

7R« fc=2 ^{Af fc _i<|x|<Af fe } 

oo „ 

> V / |x| _n xs^ 

fc=2 ■/{-M-*-l<M<-kTk} 
oo „ 

k=2 J{M k -^M k <\x\<M k } 



oo 1 



= oo 

fc=2 " 2 



This is a contradiction and our claim is true. The proof of (fT8~|) is similar. 
For an L p,0 ° function o, we cut it as follows: 

g(x) = h(x) + k(x) = g(x)x{\ g \>a} + g(x)x{\ g \< a y, 
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where a > 0. Fix p 1 , p 2 with pi < p < p 2 , then h G LP 1 and k G L P2 . Then 

|{|x| < M : g > \x\ ™}\ 
hm — 

A/^oo M n 

|{1 < \x\ < M : 2\h\ > \x\ n}\ , 111 < bl < M : 2\k\ > \x\ Ml 

< lim ^ LJ !_! U 11 + Hm ^ ^ ^ ^ ii 

~ A/^oo M n M-¥oo M n 

— n — n 

|{1 < x <M :2\h\ >x n}\ , |{1 < x < M : 2\k\ > \x\ rail 

< hm — — — + hm — — — — 

~~ Af->oo M n M^oo M n 

= 0. 



This proves ([19]) and (120]) can be proved in a similar way. 



Theorem 5. U is not dense in L p,0 ° , whenever < r < oo and < p < oo. 



□ 



Proof. For simplicity we restrict ourselves to the case p = 1 and n = 1, and we note 
that the proof in this case contains the general idea. 

For the case r > 1 = p, we don't need the decay we proved in Lemma [TJ We 
will prove a stronger result: L\ oc is not dense in L 1,ao . Suppose not, then in L 1,QC 
the function f(x) = ~X(o,i) £ L 1 ' 00 is in the closure of L\ oc . The fact that ||/ — 
qWl 1 -^ > 11/ — QXio^Wl 1 '™ f° r au 9 G L^ suggests us that / is also in the closure of 
AoJO'l] = -f^ 1 [0, 1] . Moreover step functions are dense in L 1 and ||/i||li,<x> < ||/i||z,i, 
so / is also in the closure of set of step functions defined on [0, 1]. But such a step 
function g must be bounded by M, then 

\\f-9\\i*- = \\(f-M)x (0 _L.li*->\' 

([i '2M> I 

This contradiction shows that L\ oc is not dense in L 1,0 °. In particular, U is not dense 
in L 1 ' 00 if r G [l,oo]. 

If 1 = p > r, then we can take / = ~X(i,oo) G L 1 ' 00 with ||/||£i,oo = 1. Choose M 

large enough so that x^ 1 — x r > ^x~ l for x > M. Fix any g G II and by Lemma 
CD we can choose M' > 10M such that 

|{1 <x < M' : |#(x)| > x~r}\ 1 
M> - 2' 

therefore we can estimate the difference of / and g as follows: 

||/ - g\\ LP ,oo >||(|/| - \g\)X{M,M')\\LP'°° 

= sup |{M' > x > M : |g(x)| <x~", x™ 1 — x~~ >a}|p« 

>sup \{M' > x > M : |#(x)| < x", -x" 1 > a}|p« 
«>o 2 

>(|M')a = £ 
where we took ^— > a > 4 ■ □ 

We want to take the more general result we proved as a corollary. 
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Corollary 2. L p loc fl L p '°° is not dense in L p '°°. 

We also want to remark that to prove this corollary we can also use the decay 
we proved in Lemma [TJ More concretely we can consider the distance of f(x) = 



x 



-i/p 



X(o,i) an d any Lf oc function. 



We have showed that Schwartz functions are not dense in H p '°° for p > 1 since 
tjp,oo _ jjp,<x> Unlike the situation for strong Hardy spaces where H 1 C L 1 , the 
distribution 8\ — <5_i is in H 1 ' 00 but not in L l,OQ . This shows that H l) °° is not a 
subspace of L 1 ' 00 . Therefore we need a different method to show that Schwartz 
functions are not dense in H 1,OQ . Actually the preceding distribution can be used to 
show this. 



l,oo 



Theorem 6. The space of Schwartz functions S is not dense in H 

Proof. We will provide a constructive proof. More concretely, we will show that for 
any if G S, \\f — ip\\hp,°° > jq, where f = d~i — <5_i. An easy calculation shows that 

|x-l| 2 |2;+l| X - U ' 

f + (x) =sup|(^t*/)(x)| 

*>0 \x\ n 

|a;+l| 2 |a;-l| X ^ U ' 

By the symmetry of this function, we can consider only the part x > 0. So f + {x) = 
for < x < 1 and -, , ,X — tt for x > 1. If we cut this function in two 



(z+l) 2 (l-ic) iul u ^ * ^ A allu (x+l) 2 (x-l) 

parts, / + (x) = fif(x) + /i(x) with g(x) = f + (x)x\ x -i\<a + f + (x)Xx>b for fixed small a 
and large b, say | and 100, then h is bounded and compactly supported and lies in 
any L p '°°. 

Now we consider g(x). If a is large, then 

\{x : g(x) > a}\ < \{x > : |^ > o}| < g, 
therefore sup a? i a p ^- < oo for all p < 1. Meanwhile, if a is small, then 



\{x : <7(x) > o}| < 1 + \{x > 100 : ^ > o}| < J\ - 99, 



and we have sup a< ^_ a p (^/2/a — 99) < oo for p > |. In conclusion, g G L p, °° for 
p G [|, 1] and / G i7 p,0 ° for the same range of p's. 

Next, we show that ||/ — v^IIl 1 - 00 > iq- We achieve this via the estimate 



19 - V + {X\x-l\<a + Xx>b)\\lf.°° < \\f + " V + \\lp^ ||/ - <p\\hp* 
2' We haVe (x+l) 2 (l-x) > 25 (^1)' 



For 1 < x < |, we have , r , 1 X 1 _ T - ) > ^Tr^TT- So ||y? + ||z/- < C, and thus 



2 
\\g - ¥ + {X\x-i\<a + X*>6)IUi.~ > sup a\{x G (1, |) : * - C > a}| > — . 

a>100 *■ ; ^o 

This proves the required claim. □ 
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4. TWO INTERPOLATION RESULTS 

The following version of the classical Fefferman-Stein vector-valued inequality [9] 
will be necessary in our work. This result for upper Boyd indices less than infinity is 
contained in [5] (page 85). 

Proposition 4. If 1 < p, q < oo, then for all sequences of functions {fj}j in L p,OQ (£. q ) 
we have 



\\\{MUi)}\\«\ 



LP'- 



<c. 



I'.'l 



ll{/;}IMU 



where M is the Hardy- Littlewood maximal function. 



Proof. We know that IIHM^)}!!^ I 



L p < C VA ||||{/j}||^|| LP 



for 1 < p, q < oo, see [9]. 



Now fix q and take 1 < p\ < p < p 2 . Set F = {fj} and \F\ = (X^ez \fj 
F at the height a > 0, and define F a = FX\p\>a an< ^ ^ a = F — F a = F\ 
It is easy to verify that 



We split 

\F\<a m 



l^a|>A}| 



dp(X) X > a 
dp(a) X < a 



and 



where dp(X) 

pi 



\n > a}| 



dp{X) — dj 



a 



< -^-a P2 ~ p 

L p 2 — P2~P 

hen we have 



F\ > X}\. Consequently 

v 

LP' 



X > a 
X < a ' 

p\ 

< S- 
LPl - p-pi 



a 



pi-p 



and 



LP.oo 



\F\ 



dp{a)aP 2 . For each j, split f) = fjX\F\ >a +fjX\P\< a - 



|{|IM/i)}||*>A}| 

^{wmm^jh* > i }i + \{\\{M{f 3 ) X \F\< a ] 



>f>i 



<C(pi,q)(lr 

<C( P i,q)C: 



%\P2 



R" 



\\{fjX l p ]>a (x)mdx + C(p 2 ,q)(i) 



R" 



<(; 



V 



p-pi 

V2 



-a* 



P2-P 



C(p 2 ,q)( 



2\P2 P2 a P2~P 
A 



P2~P 



\\{fjX\ 
F 



F\<a 

P 

LP'°° 



X 



| gq ax 



p-pi 



P-Pl P2~P 

where we set a = Xj, where 7 



) 2 P2 C(pi , q) V2-px C(p 2 , q) P2 ~ Pl X~ 

1 
•c(pi.g)' 



p 

LP'' 



■C(p2,q)< 



\P2-Pl 



D 



Next we have the following result which has a lot of applications in this work. The 
scalar version of this theorem has been proved in [Bj, but it is incomplete in the case 
q = 00 due to the fact that Schwartz functions are not dense in H p,OQ ; this is shown in 
Theorem [5] and Theorem [61 Here we complete this gap pushing further the approach 
[6] and combining it with ideas from chapter III of [17] . 

Theorem 7. Let J and L be positive integers and let < p\ < p < p 2 < oo ; moreover 
px < 1. Let T be a sublinear operator defined on H pl (K n ,e 2 (L))+H P2 (R n ,£ 2 (L)). As- 
sume that maps H pl (K n J 2 (L)) to H pi (R n ,£ 2 (J)) with constant Ax and H P2 (R n ,£ 2 (L)) 
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to H P2 {H n , £ 2 (J)) with constant A 2 . Then there exists a constant c PljP2jPjn independent 
of J and L such that 

V V2 Pi P 

-, -k L A L -, 

ll^(-^)ll-H'P' 00 (R n ^ 2 (J)) < Cp 1 , P 2,p,nAf 1 " 2 A^ 1 ||-F 1 ||i/P.°°(R™,£2(L)) 

forFe iP>°°(RV 2 (L)). 

Lemma 2. Let < p 1 < p < p 2 < oo. Given F = {fk}k=i £ -ff p,00 (R™,^ 2 (^)) and 
a > 0, i/ien there exists G = {g k }^ =1 and B = {b k }^ =1 such that F = G + B and 



and 



\B \\ Pl < Gcy Pl ~ p \\F\\ p 



\G\\ P2 < Gn> P2 ~ p \\ F\\ p 

l^ r llHP2(R"/2( L )) ^ ^w ||-f \\HP'°°{R n ,e 2 (L)) 



where C = C(pi,p2,p,n), in particular is independent of L. 

Proof of theorem\7\ Suppose that T = {Tj}j =1 . We apply Lemma |2] with a = 7 A 

_ 1 
where 7 = {A^? A^ 1 )^-^ . We obtain 



J 
00 



|{a ; :sup(^|r i (F)*^(x)| 2 )l>A}| 



i=i 
J J 

<|{* : sup(]T \T 3 {G) * ^ t (x)| 2 )^ + sup(^ \Tj(B) * ^(s)| 2 )* > A}| 

4>0 , «>0 T-f 

J J 

<|{a; : sup(^ \T 3 {G) * ^(x)| 2 )^ > A/2}| + |{x : sup(^ ^(S) * <M*)| 2 )^ > A/2}| 



ILPl 



<(!r 11 su P (^ |t,(g) * ^ft'iis, + (fr 11 su P (^ \t0) * ^(*)i : 

3=1 j=i 

-^2 Ia/ H L:r llj : /P2(R"/2( L) ) -T /l], l, A ; ll-DllifP^Rn,^^) 

<^r(!) P2 ii^iiVo 0( ^^)^(7Ar-^+Af(frMi^ii^^ (R .,, 2) c'(7Ar^ 

<C , 2 P2+1 (A}- e ^) p A" p ||F||^ 00 , 

j 1 

where 9 = V__]_ - The proof of the second part is similar. □ 

PI P2 

Proof of lemma{J^ We introduce the notation 



L 1 

2\ 2 



F*(x)=A'f 7V (F)(a;)= sup sup ( V \(<j> t * / fc )(y)| 

A^at(0)<1 \x-y\<t V fc=1 

for the grand maximal function and 

L 

M (F)(x) = F + (x) = sup (V |(& * / fc )(x)| 



1 

2\ 2 



<>0 fc=! 
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for a maximal function with respect to a fixed bump ip. It's easy to check that 
Q a = {F*(x) > a} is open, so we can use the Whitney extension theorem to get a 
collection of cubes Qj and functions tpj such that 

(i) UiQi = n«, 

(2) the Qj are mutually disjoint, 

(3) diam(Q i )< dist(Qj,Q c a )< 4 diam(Q j ), 

(4) every point is contained in at most 12 n cubes of the form Q* = aQj with 
a — 1 > is fixed and small, 

(5) \(-7r-)P(pj(x)\ < ApU , where lj is the length of Qj which is comparable to 
the diameter of Qj, 

(6) supp <fj C Q** = bQj (1 < b < a) and <fj > c> for x € Qj. 

( 7 ) Ej^j = Xn a - 

Here aQ is a cube concentric with Q and of side length a times that of Q. Next 
we will define b k , and show the corresponding estimates. Fix j, define P as the 
polynomial of degree N , where N is a fixed large integer to be chosen, such that 

Pf\x){x - Xjfifj{x) dx = (f k , (x - xjfifj) V \(3\ < N, 

'R n 

where Xj is the center of Qj, and < /, tp > is the action of / on (p. 

Take the norm of h in the Hilbert space of polynomials of degree < N as 

2 = / Rn \h\ 2 (x)tpj(x)dx 
J Rn <Pj(x)dx 

We have orthonormal basis {e m } of this Hilbert space with each e m is a polynomial 
of degree less than or equal to N and ||e m || = 1. Also we can write P (x) = 
Eml/iO^Wi where (/, h) is the inner product defined by (/, h) = !• . It's 
not hard to check that 

sup |^P(x)| < C p U m [ Q > for any P with degree < N. 



x&Q* 



\Qi\ 



To prove it, we can reduce this to the case Qj is a unit cube and prove this case by 

that different norms of a finite dimension topological vector space are comparable. 

(Iq \ p \ 2 \l 
Let's notice also that ( , 3 Q , ) < C\\P\\. In particular, |e m (rr)| < C, V x G Q* and 

\d y e m (y)\ < CI J , V y E Qj . Now let's restrict x G Q* and we have 

L x L i 



fc=l 



Ei^^iT^ (EK^E^Hgm^))! 1 




(/fc»Em e >n(-)e m (z)y?j(-)) 



inf Mjv^)^) <C7va- 

|z— xlfClOy'n/j 



2\ 2 
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Here we introduced the function &(x,y) = ^^ em[ - v > em(x> ' Pj[ - v ' f or which the estimate 
below holds 



($; x, 10^i) < C N f V l\ ll lj n l- hl dy < C N . 

JO* L.,x„, , 



Q *j |7|<JV+1 

Let's remark that this C^ is independent of L. Now let's define b, = (ff. — P- )y?j 
and consider (X)fc=i l(^ * ^t) (a:) | 2 ) 2 , where ^ is a smooth function supported in 
P(0,1)\P(0, |) with Jtp^O. HxeQ*, then 

(X)!^*^)^)! 2 )* < (^l((^ (fc Vi)*^)(a:)| 2 )*+(X)|</*,^(-M(a:-0>| 2 )*- 

fe=i fe=i fc=i 

We know that the first term of the right hand side is controlled by C^a since so 

is (Y2k=i \Pj ( x )\ 2 )^ f° r a ^ x e Qy- For the second term, if t < lj, then take 
$(?/) = <^j(x — ty)ijj{y), it's easy to check following inequalities 

L x 1 

J2\(f k ,vA-)Mx--))\ 2 ) 2 < Vl N ($)M N (F)(x) < CM N (F)(x). 

fc=i 
If t > lj, we can use the same idea but <&(y) = <fj(x — Ijy)ip(jy) to get that 

fc=i 

If a; G (Q*j) c , t is forced to be greater than Clj since bj is a distribution supported 
in Q**. We can write ip{^j L ) = P{y) + P(y) by Taylor's formula, where P is the 
Taylor polynomial of degree N and R is the remainder. Therefore 

1 

L . 

£l / Mx-y)(f k (y)-P?\y)My)dy\ 
fc =i J * n 

rn (El / R{y){fk{y)-Pf{y))^{y)dv\ 



,fe=l 



We also have the estimate |<9 7 P(y)| < Ch \ \ X 1 X .\ ) N+1 once we notice that \y — Xj\ < 
C/j and |x — Xj| < Ct, so we're allowed to take $(z) = R(yj — ljz)<fij(yj — Ijz), where 
yj is a point in n c a with |^-| < 10^/^, and check m N (<£> : 2, lOy/nlj) < C(j^) N+n+1 . 
If we apply the idea used in two previous cases again, we have 



, 2 7 
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If N is chosen such that (N + n + l)pi > n, then by p\ < 1 we will get 

L 

(x)\ 2 )^dx 



[ bupcEk E 6 f *^)( j 

k=\ m\<]<m2 



k=\ m\<]<m2 
ra-2. 



: e ( / Hxydx+caP I (r-^) (7V+n+1)P1 ^ 

/"2 



- C E / F\ x ) Pldx 
j= mi ^Qj 

<C f F*(x) Pl dx 



V 



<Ca pi - p |n„| 1 "^ / F*(x) pi dx 



<Ca pl - p \\F*\\ p L P,°° <oo. 

Therefore {Ei<y< TO ^f } }fc is Cauchy in ^(R n ,£ 2 (L)). Since ^(R n ,^ 2 (L)) is com- 
plete, the limit of the sequence {b k }^ =l exists and IK&^j-fcH^pWRn p(L)) — Ca pl ~ p \\F*\\ p LP . 00 . 
This C is independent of L. 

We can therefore define G = {g^}k=i as 9^ = /fc — E ■/ "j an( ^ obviously G lies 

in H p '°°(R n J(L)). To estimate (Efc=i \(9 {k) * *l>t)(x)\ 2 )* , let's consider first the case 
x ^ Q a . Then 

>lo(G)(a;) = sup(^|(^)*^)(^)| 2 ) 1 
<>0 k =i 

L L 

^sup^K/^^WI^^ + supElE^*^)^)! 2 ) 1 



<CM(F)( X ) Xng (x) + J2Ca(j^-rf +n 



+i 

\x — Xj\ ■ 



We claim that this estimate is true for almost all x. 

Now let's consider the case x G Q a . There exists some m such that x G Q m , and 
we can divide N into two sets I and II with j G I if Q*P\Q* m ^ and j G II otherwise. 

M ({g {k) })(x) < M ({f k - J>f })(*) + ^o({E fe f >)(*) 

jGi jell 

Since x £ Q* for j G II. M,({E i6 n&f })(*) < E ie ii^(j^L r+ n + i. 
We notice that 

A^o({/*-E 6 f »(*) ^ -^o({/ fc -E/^'})( a; )+- M o({E^V})( a; )- 

jei j'gi iei 
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To estimate the second term, we have 

(£l£'fV J 0's£(£i'f ) i 2 )V J <ca, 

k jei jei k 

and then M ({Ej 6 i P f' Vj})0) < <?<*• 

To estimate the other term, we notice that we need only to consider the case 
t > cl m (c is independent of m), otherwise (Efc((/fc — Y^j&fk^j) *ipt) 2 )z(x) = since 
-0 is supported in 5(0, 1), /^(l — EjeiV 9 ?) is supported outside Q™ and x G Q m . If 
£ < lO-^/n/jj!, then 



(E i & - E^i) * ^i 2 ) 1 ^) = (E i</*> $ )i 2 )" 

fe jei fc 



^^(^x.lOV^U inf M(F)(z) 

{z-x^lO^/nlm 

<Ca 

where $(y) = Vt(x - y)(l - Ejel^j^))- 

For £ > 10y/nl m , ®(y) = i\) t {x - y){\ - J2jeifj(y)) = ^t(x - y) since the support 
of Y^jei ^i * s con tained in B(x, 9y/nl m ). We can check that 9?tv($; x, t) < C with C 
independent of x and t. Therefore 



i 
(^\(fk-^fkV>j)*lH\ 2 Y(x) <VtN{*\x,t) inf M(F)(z)<Ca. 
k jei 

To summarize, we have showed that 

oo 

Mo(G)(x) < CM(F)(x)xn^x) + Y,Ca( JJT ^- l ) N+n+1 a.e. 



P2~P 



i=i 



i' 



This gives us that \\M (G)\\^ < CoT^t ||F||£U since || ^°l 1 (j- qR | = ^) JV+1 |U^ < 

C|fi|». D 

We have the following corollary. 

Corollary 3. Let < p < oo and suppose that {Kj(x)}j =1 is a family of kernels 
defined on R n \{0} satisfying 

L 

J2 \d a Kj{x)\ < A\x\- n ~ lal < oo 

3=1 

for all \a\ < max{[n/p] + 2,n + 1} and 

L 

sup V|i^(0l<5<oo. 
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Then for some < p there exists a constant C n)P independent of L such that 

L 

(2i) |E A W, m „<CnM + m{fi}U^w<n> 

j= i **•(«■) 

Proof. We pick p\ < p < p 2 such that p\ < 1 and [Vi/pi] + 1 = max{[n/p] + 2, n + 1}. 
Then (J2"T|) holds with fP'°° replaced by both H Pl and if P2 in view of Theorem 6.4.14 
in [II] . Using Theorem [7J we derive the required conclusion. □ 

5. Square function characterization of H p '°° 

We discuss an important characterization of Hardy spaces in terms of Littlewood- 
Paley square functions. The vector-valued Hardy spaces and the action of singular 
integrals on them are crucial tools in obtaining this characterization. 

We first set up the notation. We fix a radial Schwartz function \I/ on R n whose 
Fourier transform is nonnegative, supported in the annulus 1 — \ < |£| < 2, and 
satisfies 

£$(2-40 = 1 

jez 

for all £ ^ 0. Associated with this bump, we define the Littlewood-Paley operators 
Aj given by multiplication on the Fourier transform side by the function ty(2~i£), 
that is, 

(22) A i (/) = * 2 -i*/. 

We also define the function $ by 6(f) = Ej<o$( 2 " j for f ^ and 6(0) = 1. Now 
we're going to prove Theorem [TJ 

Proo/ o/ Theorem^ Choose / G -£P'°° and denote f M = J2\j\<m Aj(/) = ®2~ M *f~ 
$ 2 m * / and S(f) = (£ b1 <M lA^/)! 2 )?. We can see that S{f + g) < S(f) + S(g) 
and S(af) = \a\S(f). We also know from [PL] that 5 maps #** to L n (i = 1,2) 
bounded by the square function characterization of Hardy spaces. Then by Theorem 
[7] it follows that S maps H p,oc to L p, °° bounded for p G (pi,P2), so 

||S'(/)||LP.-<C7||/|| fl p,cc. 
Applying Fatou's lemma for L p,oc spaces we have 

||(^]A,-(/)| 2 )i|U^ <liminf||(X; \^iW)H^ < C\\f\\i 



A/— >oo 

jez |j|<m 



if/p- 



Assume that we have a distribution f £ S' such that ||(£,- 6Z |Aj(/)| 2 )2 || L p,oo < oo 
and define fj = Aj(f) = ¥ 2 -i * /■ We can show that {/j} i6 z e # P '°°(RV 2 ). 

To prove this, let's take ip G S whose Fourier transform takes value for |f | > 2 

and 1 for |£| < 1. ^Ta^/)(0 = $(%)$ (2"^)/(0, so it's just A^? if | > 2^' +1 



and if ~ < 1 • 2 J ; . Therefore 



sup |^ * Aj(/)| < |Aj(/)| + sup \<p t * Aj(f)\. 

00 |.2-J>t>2-0'+i) 
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For J • 2~ j > t > 2^ j+1 \ by lemma 6.5.3 of [H] 

where M is the Hardy-Littlewood maximal function and r < min(2,p). Apply Propo- 
sition H] to obtain 



<||(^(snp|^*A,(/)|) 2 )^||^ 



jez jez 

<tfJ(£(|Ai(/)|) 2 )*IUp.-. 

The fact that || J2T=i 9k\\Lp<°° < oo doesn't imply that {J2k=i9k}M is a Cauchy 
sequence in L p '°°, so we cannot apply the method used in H p case. But we still can 
use a new method which is also applicable to the H p case. 
Let rf(£) = §(f/2) + §(f) + §(20, then by Corollary |3] 

II E A ^)L- = ii J2 A M)\\^~ 

\j\<M \j\<M 

< C\\{fj}\\HP'°°(R n ,£ 2 (M)) 

<C , ||sup(V' \<Pt*fj\ 2 )*\\LP.°° 
t>0 b1<M 

<c\\( V" sup|v?t*/j| 2 ) 5 ||£p.<» 

lil<M <>° 

<ci|QT(|A,(/)|) 2 )^. 

J'GZ 

So {X^u-i<m A?'(/)}m is a bounded sequence in _£P'°° uniformly in M and we are 
able to use the following lemma. 

Lemma 3. If {fj} is bounded by B in H p,oc (or H p ), then there exists a subsequence 
{fj k } such that fj k — >• / in S' for some f in H p '°° (or H p ) with ||/||# P ,oo < B (or 
\\f\\H*<B). 

Proof. V = {ip G S : 9?^ (<p) < jec} i s a neighborhood of in S and 

So by the separability of S we have the weak*-compactness of this sequence, which 
means that there exists a subsequence {fj k } such that fj k — > f in S'. Therefore 
Hv.°° < liminf ||/jj| #p,°° <B. D 

k— >oo 
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By the lemma we know that Y2\j\<m Aj-(/) ~> # in <S' with 

NI^-<^||(El A i(/)l 2 )* 



Lp-°° 



Moreover, we know that X]|j|<m A?'(./) — * / m $' l^i so there is a unique polynomial 
Q such that g — f — Q. □ 

Corollary 4. Let ^ be a smooth bump whose Fourier transform is supported in an 
annulus that does not contain the origin and satisfies for some positive integer q: 

J]$(2-^) = l, £GM d \{0}. 

J6Z 

Then for any < p < oo there is a constant C(p, n) (that also depends on ty) such 
that for all functions f in U with some r G [l,oo] and whose "lacunary" square 
function S*(/) = (X^ez lA^/)) 2 ) 1 / 2 ^ es ^ n weak LP we have 

\\fh^<C(p,n)\\S*(f)\\ LPt00 . 

Proof. Let us prove the case that \l/ satisfies assumptions of Theorem [T] and therefore 
q = 1. Since / G L r , it is an element of «S'(R n ). The square function of / lies in weak 
L p , thus Theorem [T] yields the existence of a polynomial Q such that / — Q lies in 
H p '°°. By the Lebesgue differentiation theorem it follows that for almost all x G R n 
we have 

(23) |/(x) - Q(x)\ < Csup |fo * (f - Q))(x)\ , 

oo 

where (p is a smooth compactly supported function with J. R „ip(x)dx = 1. Taking 
L p '°° norms in both sides of (123]) . and using Theorem [1] we obtain that 

ii/-Qii^-<c'ii(x;i^(/-o)i a ) i iL.=c?ii(x;iA i (/)i 2 ) i ii^. 

jez jez 

If / G Z/' and (7 = / — Q G L p '°°, then choose P2 > P and denote m = max(r,p2)- 
By lemma [T] we will have 

lim 

|{Ki<M: 21/1 >x~r}\ 
< hm ^ ^ ^ + lim ^ ^ ii = 

M->oo M M-»oc M 

which implies that Q = since x m -)• as 1 -^ 00. 

For more general case, the support of \&(£) may intersect more supports of functions 
of the form \l/(2~ : ' 9 ^) and the number of intersection is finite since the support of \& 
is a compact annulus that does not contain 0. If we take ip as in Theorem dj then 
snPtx) |<Pt * A ig (/)| < |Aj-,(/)| + sup a .2-™> t > 6 . 2 -i 8 |y?t * A iff (/)|, where a and 6 are 
constants depending on the support of \1>. If we choose an appropriate 77 satisfying 



1(1 


< 


X 


< 


M: 


\Q\ 


> X 


»}l 










M 








I{1 


< 


X 


< 


M : 


%l 


> X 


-»}l 
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that 77(f) = 1 on the support of \1/, then there is no difficulty to apply Corollary [3] to 

show that 



E A ^(/)l 



Hp>' 



E A J ff (/i)ii*»- 



b'l<A/ 



b'l<M 



<C||sup( V |vt*/j| 2 )a||iP,oo 

i>0 lil<M 

<cii(E(i A ^(/)i) a )*ii^-> 

which gives that ||/ — Q\\hp>°° < C{p,n)\\S?(f)\\LP,oo ■ The rest discussion then follows 
easily as we did in the case that \& satisfies assumptions of Theorem [TJ 

□ 



The preceding corollary has applications in the theory of paraproducts. See 
Moreover, the following corollary can be proved similarly to the previous corollary. 

Corollary 5. Fix \l/ in iS(R n ) with Fourier transform supported in | < |£| < 2, equal 
1 on the 1 < |f | < y, and safe/?/ J2 j£ z *(2~ J '0 = 1 /or £ ^ 0. Fzx 6 X , o 2 u»& 6i < o 2 



an 



d define a Schwartz function Q via 0(f) = E 7 Lb ^(2 J f)- F)efine A^.(a)^(£) = 

^(0^(2" fc 0> ^ e Z. Letg = &2-6i + l, 0<p< 1, and /ix r G {0, 1, . . . , q - 1}. 

Then there exists a constant C = C n:P: b lt b 2 ,^ su °h that for all f e H p '°°{H n ) we have 



(24) 



E ia?(/)i 

j=rmod q 



l,v,< 



< C\\f\ 



]Jp,oo ■ 



Conversely, suppose that a tempered distribution f satisfies 
(25) 



E i A ?(/)i ; 

j'=rmod g 



< OO . 



LP-.' 



Then there exists a unique polynomial Q(x) such that f — Q lies in the weak Hardy 
space H p '°° and satisfies for some constant C = C„ iPi b 1) 6 2) $ 



(26) 



C 



f-Q\ 



HP-' 



< 



E K(/>i ; 

j=r mod q 



LP'' 



Proof. We have proved the direction that ~|| f-Q || HP ,°° < (Ej= r mod q \^f(f)\ 2 ) 



\LP'' 



(E 



j=r mod q 



|A?(/)| 2 ) 1/2 < ELi(Ei l A S +fc (/)l 2 ) 1/2 < «(Ei l A ?"(/)l 2 ) 1/2 comes from 



the fact that fi(f) = Ejl& ^(2 j *0j w hich proves the other direction. 



□ 



I want to express my deepest gratitude to Professor L. Grafakos, who gave me a 
lot of valuable suggestions. Without him I could not have finished this article. 
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